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ABSTRACT
In [1] a matrix model representation was found for the simplest Hurwitz partition function, which has Lambert curve φe−φ = ψ
as a classical equation of motion. We demonstrate that Fourier-Laplace transform in the logarithm of external field Ψ converts it
into a more sophisticated form, recently suggested in [2].
Representation of Riemann surfaces (curves) as ramified coverings of some simpler (bare) surfaces, like Rie-
mann sphere, is a very important technique in string theory, used from summation of perturbation theory series
a la [3, 4] to description of partition functions as τ -functions of integrable hierarchies [5]-[8]. For many years,
however, this subject looked too difficult to be addressed in a systematic way, and only recently the underlying
theory of Hurwitz-Kontsevich (HK) partition functions – concise language for accumulating information about
ramified coverings – began to attract attention. Fortunately, now activity in this field is fastly developing, see
[9] for some important references. This theory is only in its very beginning and it is, perhaps, too early to apply
it to the above-mentioned old problems of general value (of which the main one is development of the free-field
calculus a la [3, 10] on arbitrary coverings), but it is quite interesting and puzzling by itself. Being related to
explicitly topological theories, the HK partition functions should of course possess matrix-model representations,
and their place in the ”M-theory of matrix models” [11] is one of the first problems to be addressed in this area.
Recently, in the simplest example of ”ordinary” Hurwitz numbers such matrix model was explicitly derived
in [1]. It belongs to the family of Generalized Kontsevich models [12, 6], but has a somewhat unusual form:
ZHK(Ψ) ∼
∫
n×n
dµ(φ) exp
(
−
1
2g
trφ2 + tr
(
eφ−ng/2Ψ
))
(1)
where Ψ is an n × n matrix-valued Miwa variable, through which the ordinary time-variables are expressed as
pk = ktk = trΨ
k, and the integral is taken over all Hermitian n× n matrices φ with the measure
dµ(φ) =
√√√√√det
 sinh
(
φ⊗I−I⊗φ
2
)
(
φ⊗I−I⊗φ
2
)
dφ = ∆(φ)∆(eφ) [dU ] n∏
i=1
e−
n−1
2
φidφi (2)
This measure is one of the main peculiarities of the model. It is in fact nicely matched with the exponential
coupling to external field Ψ in the action, so that trigonometric Van-der-Monde determinant ∆(eφ) =
∏
i<j(e
φi−
eφj ) is absorbed into the Itzykson-Zuber integral over unitary matrices U . Another attractive feature is that in
neglect of this measure the classical equation of motion has the desired form of Lambert curve,
φe−φ = e−ng/2ψ, (3)
which is well known from many papers of ref.[9] to play an important role in the theory of Hurwitz numbers.
Last week an alternative matrix model representation was suggested in [2] for the same partition function, which
looks more sophisticated and is very much in the spirit of [13] (that paper is in turn a development of [14] and
especially of [15]). This representation is rather natural from the perspective of character representations from
[1] and [16], and is also closely related to the matrix-model field theory of [17] (a parallel development to [18, 11]).
The goal of this short note is to describe the explicit relation between these two currently-available matrix
model representations of the simplest HK partition function: one is nothing but the Fourier-Laplace transform
1
of another. This means that the pertinent advantages and relations of each of these two models are immediately
inherited by the other, what can open additional possibilities for further developments. The most important
could be generalizations to multiple and open Hurwitz numbers and a progress in understanding of the puzzling
Virasoro constraints and related link between the HK partition function and conventional cubic Kontsevich theory
– the main building block of the M-theory of matrix models. See the last few papers in [9] for clearer formulation
of these problems.
We want to find the shape of potential V (M) from
ZHK
(
Ψ = eR
)
= ZBEMS(R), (4)
where
ZHK(Ψ) = g
−n2/2 exp
(
−g
n(n2 − 1)
24
)∫
dµ(φ) exp
(
−
1
2g
trφ2 + tr
(
eφ−ng/2Ψ
))
=
= g−n
2/2 exp
(
−g
n3
6
+ g
n
24
)∫
∆(φ)
∆(Ψ)
n∏
i=1
exp
(
−
φ2i
2g
−
2n− 1
2
φi + e
φiψi
)
dφi (5)
and
ZBEMS(R) = g
−n2 ∆(R)
∆(eR)
∫
dM exp
(
−
1
g
tr V (M) +
1
g
trMR
)
= (6)
= g−n
2
∫
∆(M)
∆(eR)
n∏
i=1
exp
(
−
miri − V (mi)
g
)
dmi (7)
The integrals are taken over Hermitian n× n matrices φ,M and R with eigenvalues φi,mi and ri, respectively.
As usual, ∆(φ) =
∏
i<j
(
φi−φj
)
and ∆(eφ) =
∏
i<j(e
φi − eφj ) are Van-der-Monde determinants. Note that, the
n-dependent prefactors in the first and second lines of (5) are different, because in the second line a convenient
shift φ 7→ φ+ng/2 is made and because of the exponential prefactor from (2), see [1] for more details. Note also,
that the R-dependent pre-factor in (6) is important for potential V (M) to exist. According to (4)-(7) this V (M)
is given by inverse Fourier-Laplace transform,
e−trV (M)/g =
∫
dR
∆(eR)
∆(R)
exp
(
−
1
g
trMR
)
ZHK
(
eR
)
(8)
Note that g−n
2
disappears after the transform. Substituting the expression for ZHK
(
eR
)
, we obtain
e−trV (M)/g = g−n
2/2
∫
dR
∆(eR)
∆(R)
exp
(
−
1
g
trMR
)∫
dµ(φ) exp
(
−
1
2g
trφ2 + tr
(
eφ−ng/2eR
)
− g
n(n2 − 1)
24
)
The simplest option now is to diagonalize φ = UφdiagU
−1, R = U˜RdiagU˜
−1 and take Itzykson-Zuber integrals
∫
dU exp(trUXU †Y ) =
detij e
xiyj
∆(X)∆(Y )
(9)
over U and U˜ . What remains is a pair of eigenvalue integrals:
e−trV (M)/g = e−gn
3/6+gn/24
∫ n∏
i=1
exp
(
−
1
g
miri
)
dri
∫
g−n
2/2∆(φ)
∆(M)
n∏
i=1
exp
(
−
φ2i
2g
−
2n− 1
2
φi + e
φi+ri
)
dφi
2
Shifting ri 7→ ri − φi, we obtain
e−trV (M)/g = e−gn
3/6+gn/24
∫ n∏
i=1
exp
(
eri −
1
g
miri
)
dri
∫
g−n
2/2∆(φ)
∆(M)
n∏
i=1
exp
(
−
φ2i
2g
+
1
g
Ciφi
)
dφi
where Ci = mi − g
2n− 1
2
. Using the Itzykson-Zuber formula and the Gaussian integral, it is easy to show that
∫
∆(φ)
n∏
i=1
exp
(
−
φ2i
2g
+
1
g
Ciφi
)
dφi = g
n/2∆(C)
n∏
i=1
exp
(
C2i
2g
)
(10)
Consequently,
e−trV (M)/g = g−n
2/2+n/2 exp
(
−g
n3
6
+ g
n
24
+
1
2g
n∑
i=1
(
mi − g
2n− 1
2
)2) n∏
i=1
∫
dri exp
(
eri −
1
g
miri
)
(11)
The last integral can be taken explicitly by making a change of variable ψ = er:
f(m) =
∫
dr exp
(
er −
m
g
r
)
=
∫
dψ
ψ
exp
(
ψ −
m
g
logψ
)
=
∫
dψ ψ−m/g−1eψ = e−ipim/gΓ
(
−
m
g
)
(12)
The last equality is nothing but the integral representation of (appropriate analytic continuation of) Euler’s
Γ-function. It is, of course, correctly defined only for certain choice of integration contour. We finally obtain
e−trV (M)/g =
n∏
j=1
e−V (mj)/g =
n∏
j=1
g(1−n)/2 exp
(
−g
n2
6
+
g
24
+
1
2g
(
mj − g
2n− 1
2
)2
− ipi
mj
g
)
Γ
(
−
mj
g
)
(13)
where the r.h.s. is indeed a product over all eigenvalues of M . Thus, the potential V (M) exists and is equal to
V (x) = ipix− g log Γ
(
−
x
g
)
+ g2
n2
6
−
g2
24
−
1
2
(
x− g
2n− 1
2
)2
+
n− 1
2
g log g (14)
or, after opening the brackets,
V (x) = −
x2
2
− g log Γ
(
−
x
g
)
+ ipix+
(
n−
1
2
)
gx+
n− 1
2
g log g −
g2
3
(
n2 −
3
2
n+
1
2
)
(15)
This expression coincides with eq.(8) of [2]. Note only that the very last term of this formula in [2] contains 2 in-
stead of 1/2, because of a misprint in original expression for fλ(C2) in that paper. The right formula for fλ(C2) is
fλ(C2) =
1
2
n∑
i=1
λi(λi − 2i+ 1) =
1
2
∑
i
h2i −
(
n−
1
2
)∑
i
hi +
n
3
(
n2 −
3
2
n+
1
2
)
, (16)
where hi = λi − i + n, see eq.(26) in [1]. There is one more term in V (x) in [2], which is not present in (15):
namely, x log g. It results from a slightly different definition of the HK partition function in [2]: it differs from
that of [1] by rescaling of the external field Ψ → Ψ/g. This shifts trMR = trM logΨ by log(1/g)trM , what
exactly implies adding x log g to V (x).
We conclude, that the two matrix models – the model of [2] with the logarithm-of-a-gamma-function potential
and the model of [1] with the trigonometric-Van-der-Monde determinant – are in fact equivalent. Since this
equivalence is now made explicit, both models can be used on equal footing.
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